This paper provides a continuum mechanical model for the curing of polymers, including the incompressibility effects arising at the late stages of the process. For this purpose, the free energy density functional is split into a deviatoric and a volumetric part, and a multifield formulation is inserted. An integral formulation of the functional is used to depict the time-dependent material behavior. The model is also coupled with the multiscale finite element method, a numerical approach serving for the modeling of heterogeneous materials with a highly oscillatory microstructure. The effects of the proposed extensions are illustrated on the basis of several numerical examples concerned with the study of the influence of Poisson's ratio on the curing process and the behavior of the microheterogeneous polymers.
Introduction
The polymer structure of natural materials was first recognized by H. Staudinger in the second decade of the twentieth century. Since then, this kind of material is the topic of many interdisciplinary researches and plays a more and more important role in everyday life.
In the context of the mechanical modeling of polymers, the various predominant groups of approaches may be mentioned. The methods which are based on the idea of residual stresses (Antonucci et al., 2006; Chen et al., 2001; Kiasat, 2000; Kiasat and Marissen, 2000; Ruiz and Trochu, 2005) mainly refer to the case of linear elasticity and viscoelasticity. The continuum mechanical models (Adolf et al., 1998; Adolf and Chambers, 1997; Hossain et al., 2009b; Lion and Höfer, 2007) have been established more recently and are commonly based on the theory of finite deformation (Anand and Gurtin, 2003; Gearing and Anand, 2004; Mulliken and Boyce, 2006; Sharma et al., 2008) . They are often used to simulate secondary processes such as damage (Mergheim et al., in print) or in a combination with other approaches such as the Arruda-Boyce model (Hossain and Steinmann, in print) . Another important group includes phenomenological models (Han et al., 1998; Karkanas and Partridge, 1996) which are closely related to the experimental investigations (Hojjati et al., 2004; Kim and White, 1996; Ruiz and Trochu, 2005; Suzuki and Miyano, 1977; Thomas et al., 2007) .
The current paper focuses on the first phase of the life-time of polymers known as curing or polymerization. At the beginning of this process, polymer is a liquid consisting of a large number of short polymer chains. However, this chemical configuration is energetically inconvenient so that the molecules cross-link to each other, thus causing the gradual transformation of the liquid into the solid material. In the work, the emphasis is especially placed on the simulation of the late stage of the curing process, starting with the gel point. At this phase, the polymers behave as viscoelastic solids with the time-dependent material parameters for whose characterization the static relaxation and curing tests as well as the dynamic mechanical analysis (DMA) are used. The static investigations show that the relaxation modulus strongly decreases while the creep compliance significantly increases during the curing. This phenomena are even more distinct if the tests are carried out at high temperatures (Kiasat, 2000; Kiasat and Marissen, 2000; Simon et al., 2000; O'Brien et al., 2001) . The results of the torsional and normal DMA indicate that the dynamic shear and bulk modulus behave similarly to each other: Their starting value is zero and they initially increase at a high rate. At the end of the curing process, the rate gradually decreases and the moduli slowly achieve the final values. It should also be underlined that the normal DMA yields very low values for the storage bulk modulus at the initial stage of the curing. However, since a polymer before reaching the gel point behaves as a liquid, these low values are mostly neglected and the bulk modulus of the liquid resin is assumed as the initial value. The investigations also show that the storage shear and bulk moduli are frequency-dependent and that the shear modulus is more sensitive than the bulk modulus in this regard. In both cases, the parameters have higher values if higher frequencies are applied (Kiasat, 2000; Kiasat and Marissen, 2000; Simon et al., 2000; O'Brien et al., 2001) .
Another important point in the characterization of polymers is the determination of Poisson's ratio. It is commonly assumed that this material parameter has an initial value of 0.40 a peak of 0.45 and a long-time value about of 0.34 (Tsou et al., 1995) . Alternatively some authors propose that the starting value of this parameter amounts to 0.5, which goes back to the fact that a resin before reaching the gel point behaves as an incompressible liquid (Kiasat, 2000) . According to these authors, the value of Poisson's ratio gradually falls during the curing process up to the long-time value amounting to 0.35. Finally, the investigations based on the Moiré interferometry indicate that Poisson's ratio during the curing process increases from 0.4 to 0.5 (O'Brien et al., 2007) .
The current paper provides a continuum mechanical model which can be used for a simulation of the incompressible behavior of polymers during the curing process. This is strongly motivated by the experimental investigations mentioned above (Kiasat, 2000; O'Brien et al., 2007) . The emphasize is placed on the more recent results showing that Poisson's ratio grows from 0.4 to 0.5 (O'Brien et al., 2007) , but the same formulation can be applied for the opposite case in which this parameter falls from 0.5 to 0.35 (Kiasat, 2000) . Within the model presented, the free energy density in the integral form is proposed and together with the requirement for the thermodynamical consistency used in the derivation of the constitutive and evolution equations. A similar concept is presented in the work of Hossain et al. (2009a) , however, the energy density in the current model consists of the volumetric and the deviatoric part, and the multifield description instead of the standard displacement formulation is assumed. Typically for the modeling of incompressible materials, the mentioned modifications guarantee that the volume locking effects are circumvented (Simo and Hughes, 1997) .
The simulation of microheterogeneous polymers is another aspect of the curing process studied in this paper. For this purpose the multiscale finite element method (FEM) is used. This numerical homogenization approach is especially suitable for the simulation of heterogeneous materials with a highly oscillatory microstructure (Feyel, 2003; Feyel and Chaboche, 2000; Miehe et al., 2002a,b,c; Schröder, 2000) . It is based on the solution of two boundary value problems (BVPs) such that one of them is related to the macroscopic body and the other to the properly chosen sample of the microstructure known as representative volume element (RVE). The bonding of scales is realized through the requirement for the balance of energy, which is known as Hill-Mandel macrohomogeneity condition (Hill, 1952 (Hill, , 1963 (Hill, , 1972 . This method has already been used in our previous works for the modeling of linear and nonlinear elastic materials with time-independent properties (Ilic, 2011; Ilic and Hackl, 2009; Ilic et al., 2011 Ilic et al., , 2010 .
The paper is structured as follows: The proposed material model is comprehensively explained and substantiated in Sec. 2. Moreover, the assumption is checked for thermodynamical consistency, and the constitutive laws are derived from this condition. Sec. 3 explains the numerical aspects related to the implementation of the model into the FEM. Here, the focus is on the derivation of the incremental form of the evolution laws and the material tangents. The obtained expressions are elucidated on the basis of the example which is concerned with the neo-Hooke strain energy density (Sec. 4). The principles of the multiscale FEM and the implementation of the curing model into this concept are explained in Sec. 5. Finally, Secs. 6 and 7 show the numerical simulations. The initial examples deal with the single-scale models in which Poisson's number is varied, while the later ones simulate the curing of the microheterogeneous polymers. The paper closes with several conclusions and an outlook.
Material model
The continuum mechanical model which will be presented in this section, aims at capturing two special features of the curing process, namely the temporal evolution of the material properties as well as the incompressibility of polymers at the late stage of the curing process. For the modeling of the second aspect mentioned, a mixed formulation and a split of the energy density Φ into a volumetric Φ vol and a deviatoric part Φ dev are advantageous
Here, each part of the free energy density is dependent on the corresponding strain energy density, Ψ dev and Ψ vol , and the last term on the right hand side is introduced to stipulate the equality of the volume change θ with the Jacobian J = det F. This is the so called Lagrange term. The remaining notation is standard: u denotes the displacement vector, F the deformation gradient, and the Lagrange multiplier p is the hydrostatic pressure. The formulation (1), was first proposed by Simo and Hughes (1997) and guaranties that the artificially small deformations, going back to the volume locking, are avoided. In order to complete the constitutive model (1), still the deviatoric and the volumetric part of the free energy density must be specified. Bearing in mind the time dependency of the material properties, the following expressions in the integral form are assumed for this purpose
Here, s is the integration variable, the prime symbol denotes the total differential, C the right Cauchy deformation tensor and C iso denotes its isochoric part, defined as C iso = J − 2 3 C. The assumed formulation can be interpreted as the accumulation of the elastically stored energy while both the stiffness and the deformation are continuously evolving (Hossain et al., 2009a) . The stiffnesses C dev and K are defined by the relations
where the definition (4) guarantees the positive semi-definiteness of C dev .
The following feature of the model should be especially pointed out: While the notation Φ is related to the total-accumulated free energy density, the symbol Ψ is used to denote the strain energy density which is equipped with temporally evolving parameters. By introducing (2) and (3), the constitutive model is completed, however, its thermodynamical consistency must still be proved. Please note that in the following the whole process is assumed to be isothermal so that this condition takes a short form
where S denotes the second Piola-Kirchhoff stress tensor andĖ is the material time derivative of the Green strain tensor. The assumption that there is no exchange of heat does not actually meet the real situation as the curing process is always followed by a release of heat, however, it leads to the significant simplifications. In order to check the thermodynamical consistency, the rate of the energy density is calculated firsṫ
Thereafter, Equ. (7) is implemented in (6) and the terms includingĊ(t), θ(t) andṗ(t) are grouped together, which leads to the following inequality
Please note that in the formulation of the first term in the previous equation, the orthogonality of deviatoric and volumetric quantities is used to replacė C iso (t) byĊ(t). The expression (8) clearly shows that the equality sign is valid if all expressions in brackets vanish. As in that case, the thermodynamical consistency is guaranteed, the limiting (-equality) case is used to give the definitions for stresses S and p and volume change θ. The expression in the first brackets, for example, determines the second Piola-Kirchhoff stress tensor
which can also be split into a deviatoric and a volumetric part
The expressions in the remaining brackets in Equ. (8) yield definitions for the hydrostatic pressure and the volume change
The FEM implementation
Within the scope of this paper, the FEM will be used for the numerical simulations. To this end, first the following three-field potential is considered
where the first term on the right-hand side represents the elastic energy density obtained by integrating the free Helmholtz energy density over the body. The second term, Π ext , is the potential corresponding to the external load. Typically for the nonlinear problems, the FEM represents an iterative procedure focused on the calculation of the displacement increments, whose summing up yields the total deformation. The calculation of the displacement increments is based on the expression for the second variation of the potential, which is substantiated as follows: The first variation is related to the minimization of the potential and makes use of the fact that the actual state of the deformation minimizes the energy of a system. The second variation is necessary to linearize the problem and thus related to the numerical aspects of the solution procedure.
For the particular form of the potential given by the expression (14), the second variation is written as follows (Ilic and Hackl, 2009 
Here ∆u denotes the displacement increment and E dev and E vol are the deviatoric and volumetric material tangents so that
The residual has the form
and represents the first variation of the potential (14) with respect to the displacements, evaluated for the known total deformation from the previous iteration step. As here only conservative loads are used, the increment ∆δ u Π ext vanishes in all examples. A further specification of single terms in (15) requires a new consideration of Equs. (10)-(12). These expressions define stresses but are not suitable for a numerical implementation due to their integral form. A simplification inserted here relies on the following idea: First, the rates of the deviatoric stresses and hydrostatic pressure are deriveḋ
Thereafter, the Euler-backward scheme is applied for the evaluation of the corresponding values in the current time step
Equ. (20) represents the final expression for the deviatoric second PiolaKirchhoff stress tensor while Equs. (11) and (21) are further used in the calculation of the volumetric stresses
Naturally, the indices n + 1 and n in the expressions (20)- (22) denote the points in time t n+1 and t n . The calculation of material tangents is now straightforward. The current deviatoric material tangent is calculated using Equs. (16) 1 and (20)
while Equs. (16) 2 and (22) yield the volumetric material tangent E
Curing model for the Neo-Hooke material
The presented model will be illustrated on the basis of an example concerned with the neo-Hooke strain energy density
Here it should be particularly stressed that all quantities are time-dependent. The first term on the right-hand side represents the deviatoric part of the strain energy density Ψ dev and the second term is the volumetric part Ψ vol . The last term is the Lagrange term as explained in Sec. 2. The material parameters µ = µ(t) and κ = κ(t) are the time-dependent shear modulus and bulk modulus describing the material stiffening during the curing phenomena. In the following, the final expressions for the stresses and material tangents will be derived for this particular type of the strain energy density. Please note that in the following section, the indices related to the time steps are omitted in order to avoid a confusing notation.
Deviatoric quantities
The derivation of quantities related to the deviatoric part of deformation starts by considering the stiffness operator which is defined as the second derivative of the strain energy density with respect to the right Cauchy deformation tensor (4):
This relation depends on two derivatives of the strain energy density (26)
and two derivatives of the deviatoric part of the right Cauchy deformation tensor
After the implementation of Equs. (28)- (31) into (27), the stiffness operator obtains the particular form
Please note that in the expressions (31) and (32) the following short notation is used
Attention should also be paid to the evaluation of U dev which is a constituent of the deviatoric material tangent E dev . By using the definition (24) and bearing in mind Equ. (29), this quantity is expressed in the form
where the derivative of C iso is calculated as follows
By the implementation of Equs. (28) and (36) into (35), the final expression for U dev turns into:
where use is made of the following new notation
Volumetric quantities
The derivation of the volumetric quantities is even more straightforward than the calculation of the deviatoric ones. For example, by implementing the assumption (26) into Equ. (21), the hydrostatic pressure is calculated as follows
Furthermore, the expressions (22) and (25) 
The assumption for the material law (26) has an indirect influence on the stress S 
Principles of the homogenization theory for the finite deformations
While the extended material model for the curing of polymers is presented in the previous sections, the modeling of heterogeneous materials will be studied here. The particular choice for the homogenization strategy is concerned with the multiscale FEM, a numerical method often used nowadays (Feyel, 2003; Feyel and Chaboche, 2000; Miehe et al., 2002a,b,c; Schröder, 2000; Ilic and Hackl, 2009 ). The main feature of this approach is that the simulation of a heterogeneous body is split into the solution of two BVPs. One of them is related to the modeling of a macroscopic body with the replacing effective material properties and the other to the simulations of the RVE depicting the material microstructure. The bonding of these two BVPs is achieved by the definitions for the macroscopic quantities as well as by the Hill macrohomogeneity condition (Hill, 1963 (Hill, , 1972 .
Within the scope of the theory of finite deformations, the definitions for the macroscopic deformation gradient and first Piola-Kirchoff stress tensor are of primary importance and they have the following form (Hill, 1972; Ilic and Hackl, 2009; Schröder, 2000) 
Here, the symbols with an overbar denote the quantities related to the macroscopic level. The remaining notation is typical for the theory of finite deformations. X is the position vector, N is the normal vector to the body surface, F is the deformation gradient, P the first Piola-Kirchhoff stress tensor and T the traction. The uppercase letters are related to the reference configuration and the lower case letters to the current configuration. The averaging is performed over the volume V of the RVE B with the boundary ∂B and the boundary of the voids L inside the RVE. A comprehensive derivation of Eqs. (42) and (43) is provided in the appendix. The Hill macrohomogeneity condition is concerned with the energetic aspects of the transition between the scales. It is practically a balance law requiring the equality of the macropower with the volume average of the micropower, which can be expressed in the following ways P :
(44) The importance of the Hill condition lies in the fact that it enables the definition of boundary conditions on the microlevel. Two types of such conditions, the static and the kinematic one, can be determined directly from (44) 2
However, for the purposes of this contribution, the periodic boundary conditions will be considered. In this case, the deformation takes the form dependent on the macrodeformation gradientF and microfluctuationsw
which, after the implementation in (44) 1 , yields the conclusion that the microfluctuationsw have to be periodic and the tractions T antiperiodic on the periodic boundary of the RVE:
The assumption (47) leads to the additive decomposition of the microdeformation gradient
which is especially advantageous for the numerical implementation. The described concept (60), (62)- (49) and the standard FEM program FEAP pv (Taylor, 2011; Zienkiewicz and Taylor, 2000) are used to write a multiscale FEM-program MSFEAP (Ilic, 2010) . This program is applied for the simulations which are presented in Secs. 6 and 7.
Multiscale approach for curing materials
While the general principles of the homogenization theory are explained in Sec. 5, some details about the numerical implementation of the curing model in the multiscale scheme are provided here. The starting point for the formulation at both levels are the energy functional (14) and its second variation (15). At the macroscopic level, the expression (15) remains unchanged. In order to give a clear presentation, it is here rewritten by using the notation typical for the macrolevel (overbar symbol)
u =ū 0 , δū = 0, ∆ū = 0 on ∂Bū.
Please note that the BVP (50) is completed by introducing Dirichlet boundary conditions, but it still cannot be solved as the effective constitutive laws Ψ dev andΨ vol are not available. For their calculation, and the calculation of their derivativesS dev ,S vol ,Ē dev ,Ē vol ,
vol ∂Θ 2 , the data from the microscale is necessary.
The formulation at the microlevel is similar to (15) and to (50) but it is not identical:
= −δwΠ res (w,F),
There are several crucial differences appearing here: the BVP depends on the microfluctuationsw instead of the displacements u, the residual depends, among others, on the macroscopic deformation gradientF, the periodic boundary conditions defined by (48) are applied instead of the standard Dirichlet boundary conditions. It should be emphasized that the curing effects are implemented through the expressions depending on the free energy density (2) and (3). For example, the deviatoric quantities are calculated on the basis of expressions (20), (23), (24), and the volumetric quantities are calculated by using relations (22) and (25). For the particular case of the neo-Hooke material, the expressions are summarized in Sec. 4. The BVP (51) is well posed and contrary to (50), it can be solved directly. Its solution is furthermore used at the macrolevel for the calculation of the missing quantities so that the curing effects are indirectly implemented in the final solution.
Application of the curing model
In this section, several numerical examples are presented to demonstrate the application of the curing model and its implementation into a multiscale homogenization scheme. For this purpose, the time-dependent material behavior is simulated on the basis of the exponential evolution laws for material parameters. The examples focus on two main topics: the modeling of homogeneous and microheterogeneous polymers. In both cases, the behavior of a sample during the three-phase tests (pull-hold-pull and pull-hold-push) is considered. All simulations are performed by using the multiscale program MSFEAP (Ilic, 2010) .
Time-dependent material behavior
Two approaches are commonly used for the modeling of polymers in the curing phase: either the material parameters are assumed as functions of the curing degree (Adolf et al., 1998; Chambers, 1997, 2007; Adolf et al., 2004; Adolf and Martin, 1996; Lion and Höfer, 2007) or as timedependent functions (Hossain et al., 2009a,b) . Within the scope of this contribution, the focus is on the second type of approach and in particular on the assumptions for the shear modulus and Poisson's ratio. For this purpose, the experimental results presented in Fig. 1 are first analyzed. Fig. 1 (a) shows that the initial value of the shear modulus is zero and that this material parameter increases very fast at the beginning of the curing process. In the later stages, the rate gradually decreases and the parameter tends to a limit value (Kiasat, 2000) . Fig. 1 (b) shows that Poisson's ratio changes in a similar way except for the fact that it has a non-zero initial value (O'Brien et al., 2007) . Please note that the different materials with the different curing time are investigated.
The described properties of the experimentally obtained data about the evolution of material parameters indicate that the exponential saturation function is a possible, well suited choice for the fitting functions:
Here, µ 0 represents the initial value and µ ∞ the end value of the shear modulus while κ µ determines the speed of growth of the shear modulus. The constants applied in the expression for Poisson's number have an analogous meaning but the limiting condition ν ∞ ≤ 0.5 has to be additionally taken into account. The two assumed functions furthermore can be used to calculate the remaining material parameters. In this work, the emphasis is placed on the bulk modulus since the energy density (26) depends on this parameter. Moreover, before the necessary expressions are listed, it is pointed out that the relationships valid in the theory of elasticity can be applied only for the very beginning of the process, which goes back the fact that all material parameters in the current model are time-dependent (Tschoegl, 1989) . Accordingly, the initial bulk modulus is defined in the standard way
while the remaining values of this parameter are evaluated stepwise (Tschoegl, 1989) 
The application of Eqs. (52)- (55) for the simulation of the evolution of material parameters is illustrated in Fig. 2 . However, it should be emphasized that here as well as in the remaining part of the paper, the academic examples are considered. The material parameters in these examples are chosen such that a clear comparison of different effects is achieved and they do not correspond to a particular kind of material. The determination of constants corresponding to a specific kinds of curing polymers requires the application of the inverse analysis and is envisaged as a topic for the future work.
Curing of homogeneous polymers
This section presents few examples related to the curing of homogeneous materials. They deal with a tests with three phases: pull-hold-pull. Each time, this test is performed for a sample with different material properties.
The first example is concerned with the model shown in Fig. 3 (a) . Here, a mesh with 18 × 6 elements is used to discretize a plate with the dimensions 300 mm × 100 mm. All displacements on the left boundary as well as the vertical displacements on the right boundary are constrained. The horizontal displacements on the right boundary are determined by the function U which is presented in Fig. 3 (b) . This diagram shows that the displacements increase linearly in the first phase (0-5 s), remain constant in the second phase (5-25 s) and again increase linearly in the last phase (25-30 s). The slope of the diagram in the first and the third phase is the same and amounts to 3 mm/s. The complete loading period lasts 30 s. The assumed time increment amounts to ∆ t = 1 s. The material behavior in this example is described by constant Poisson's ratio ν = 0.35 and by the shear modulus, evolving according to the assumption (52). The constants applied for the calculation of the shear modulus are: the initial shear modulus µ 0 = 0.01 MPa, the end shear modulus µ ∞ = 50 MPa, and the speed of curing κ µ = 0.15 s −1 . The results of the simulation are presented in Figs. 4-6 . The first of these figures shows the state of σ 11 stress for different time steps, chosen in such a way that the influence of the different loading phases is clearly depicted. Fig. 4 (a) , for example, is related to the beginning of the first loading phase, Figs. 4 (b) and (c) to the beginning and the end of the holding phase and Fig. 4 (d) to the end of the loading. By comparing the values presented, it can be concluded that an increase of displacements causes an increase of stress and that there is no change of stress during the holding phase.
The details of the change of the stress state at the single point A are shown in Fig. 5 (a) . Here, the analogous phases can be observed as in the loading diagram. During the first five seconds, the stress increases, however, the change is nonlinear because of the evolution of the shear modulus. The stress in the holding phase remains constant as predicted by Equs. (18) and (19). In the last five seconds, the stress increases, however, the change is linear as the material is almost cured and the influence of the evolution of the shear modulus on the stress growth is just minor. The change of stress with respect to the displacement function U is presented in Fig. 5 (b) . Here, the linear and nonlinear changes of stress are even more noticeable.
The example explained does not give an insight into the effects of the change of Poisson's ratio on the body response caused by the prescribed displacements. In order to obtain information on this influence, the same test is repeated for different values of Poisson's ratio. The values are chosen in an increasing order with the limiting value 0.5. The numerical values for the point A are presented in Fig. 6 (a) and (b) . The former shows the change of stress σ 11 versus time while the latter shows the dependence of the stresses on Poisson's ratio for one time step (5 s). Both diagrams show that increasing Poisson's ratio causes higher values of stress.
The final example considers the case in which the influences of the timedependent shear modulus and Poisson's ratio are combined. These parameters change according to the functions (52) Fig. 7 show the main characteristics already observed in the previous examples: the nonlinear dependency in the first phase, the constant values in the second phase, and the linear dependency in the last phase. However, there is another special feature which should be emphasized: A comparison with the diagram corresponding to Material 1 and Material 2 shows that the high values of Poisson's ratio in the last phase of curing cause a very steep slope in the stress diagram corresponding to Material 2. This also indicates that an assumption of constant Poisson's ratio during the curing process can lead to a significant underestimation of stresses. In the case that Poisson's ratio changes from 0.4 to 0.499, the stresses are permanently higher than those that are obtained by assuming that Poisson's number has the constant long-time value 0.35 or that it changes in the range 0.01-0.499.
Due to the time dependency of Poisson's ratio, a consideration of the volume change is also instructive. The dependency of this effect on time and on the prescribed displacement function U is presented in Fig. 8 . Here, the diagram related to Material 2 shows a fast growth in the first loading phase. Further it remains constant during the holding phase and slightly grows in the final loading phase. Such behavior certainly goes back to the fact that Poisson's ratio has low values at the beginning and values close to 0.5 at the end of the curing process. The situation is quite different in the case of the reference material with constant Poisson's ratio. Here, the volume changes with the same rate in both loading phases. However, in comparison with the material with changeable Poisson's ratio, the rate is lower in the first phase and much higher in the last loading phase. Due to the high values of Poisson's ratio, the volume change of Material 3 is very low in all three phases. The presented values are related to element "1" marked in Fig. 3 .
Modeling of microheterogeneous polymers
The modeling of heterogeneous polymers will be presented using two examples, in which a curing polymer is combined with a nonlinear elastic material with constant material properties. The new phase has a high shear modulus and simulates the reinforcement fiber embedded in a polymer.
The first example is concerned with the tension test which is shown in Fig. 9 . Here, a square plate with the dimensions 100 mm × 100 mm is considered at the macrolevel. All displacements on the left boundary as well as the vertical displacements on the right boundary are constrained. The horizontal displacements on the right boundary are determined by the displacement function U (Fig. 10) . The plate is discretized by a mesh with 8 × 8 elements and the numerical integration with four Gauss points is applied. The material microstructure is depicted by the RVEs associated to each integrating point as explained in Sec. 5.
The geometry of the RVE is also presented in Fig. 9 . It has a square shape and contains an elliptic inclusion. The edge length of the RVE amounts to 1 mm and the axes of the inclusion are a = 0.7 mm and b = 0.35 mm. The displacements at vortices are constrained. The matrix material consists of the curing material with the time-evolving shear modulus and constant Poisson's ratio. The evolution of the shear modulus is determined by Equ. (52) The results of simulations for a single point A are shown in Fig. 11 . Here, the focus is on the difference between the values obtained for a homogeneous curing material and a microheterogeneous polymer. The influence of the inclusion is obvious: for the same deformation prescribed, the reinforced polymer shows higher values of stress. However, the way of the material behavior does not change: the stress increases nonlinearly in the first phase, remains constant in the second phase and increases linearly in the final phase. The slope of the diagrams in the first and third phase are steeper in the case of the microheterogeneous materials, which goes back to the high shear modulus of the inclusion. The change of stress is presented with respect to time ( Fig. 11 (a) ) and with respect to the displacement function U (Fig. 11 (b) ). In addition, the state of the σ 11 -stress component for the complete plate at the end of the loading process is shown in Fig. 12 . This figure also includes the stress plots for three RVEs associated to the different Gauss points. Please note that these are different from each other due to the material nonlinearity (Ilic and Hackl, 2009) .
The second example related to the modeling of composite materials also deals with the situation shown in Fig. 9 . Here, however, Poisson's ratio as well as the shear modulus of the matrix material is time-dependent. The properties of the shear modulus remain the same as in the previous example, while the behavior of Poisson's ratio is determined by Equ. (52) The resulting stress state at point A for the prescribed displacements U (Fig. 10) are shown in Fig. 13 . These diagrams indicate that the stress in the last loading phase increases significantly due to the increase of Poisson's ratio. The slope of the diagram in this phase is much higher than the slope of the diagram corresponding to the reference material. For the purpose of comparison, a material with a time-dependent shear modulus and constant Poisson's ratio ν = 0.35 is used. The results presented in Fig. 13 lead to the conclusion that an assumption of constant Poisson's ratio during the curing process causes the underestimation of the stress values. The same is valid for the homogeneous materials, which is already shown in Fig. 7 .
The simulations including the unloading are another interesting aspect of the modeling of curing polymers. For this purpose the test presented in Fig.  9 is repeated such that the last loading phase is replaced by an unloading phase ( Fig. 14 (a) ). At the end of the test, the total horizontal displacements at the right hand boundary are equal to zero. For the characterization of the body response, the stress values at point A are calculated and presented in Fig. 14 (b) ). Here, it is easily perceptible that the stresses due to the reverse deformation are much higher than the stresses in the loading phase which goes back to the high values of material parameters at the end of the curing process. Moreover, the stress values in case of a heterogeneous material with the high stiffness inclusion are higher than those corresponding to a homogeneous material (Figs. 14 (b) and 15) .
In order to further study the influence of the unloading, a force-driven test is simulated as well. Within the test (Fig. 9 ), the applied forces are timedependent: they increase in the first phase, thereafter they are constant and finally decreasing (Fig. 16 (a) ). At the end of the test, the sample is unloaded completely. In this case, the horizontal displacements at point A are chosen for illustrating the caused deformations (Fig. 16 (b) ). The obtained results support the conclusions that have been made on the basis of the results obtained for the displacement-driven tests: Due to the high stiffness of the material, the deformations caused by the unloading are smaller than those in the first loading phase. Consequently, some permanent deformations remain after the complete unloading. For the purpose of completeness, a similar test with two loading phases is performed. These results are presented in the same figure.
Conclusions
This paper presents a model for the curing of polymers in which the influence of the incompressibility at the end of the process is taken into consideration. This model is furthermore coupled with the multiscale FEM which is a homogenization method based on the solution of two BVPs, one related to the modeling of the macroscopic body and the other to the simulation of the RVE. The time-dependent material parameters and the free energy density in the integral form are assumed in order to describe the material stiffening. The fast growth at the beginning and the moderate changes at later stages of material parameters are modeled by the exponential evolution laws. The split of the energy density into a volumetric and a deviatoric part as well as the multifield formulation guarantee that the volume locking effects are avoided.
The model presented and the multiscale technique are used for two groups of simulations: the single-scale problems and the modeling of microheterogeneous materials. In both cases the material behavior is analyzed on the basis of tests with three phases: pull-hold-pull and pull-hold-push. As the main indicator of the body response, the stress state for a single point over the loading period is studied.
The single-scale simulations give evidence that the stress increases in the first phase nonlinearly due to the fast change of the material parameters. During the holding phase, there are no stress changes. Finally, during the second loading phase, the stresses increase linearly as the curing process is nearly finished. A comparison of the results for different values of Poisson's ratio yields to a conclusion that the higher values of this parameter cause the higher stress values. Moreover, a simulation of the material with timeevolving Poisson's ratio shows that the stress values in the last phases exceed the values which are obtained if a constant value is assumed. This also indicates that the stress values might be significantly underestimated if the effects of the change of Poisson's ratio are not taken into consideration.
The multiscale approach is used to model a combination of the curing polymers with a nonlinear elastic material with constant parameters. The additional phase represents the reinforcement embedded in the curing material. The analysis of the evolution of the stress at one point of a macro-scopic sample shows that the material response remains similar to that for a single-phase material: the nonlinear increase is followed by a phase with the constant values and a phase with the linear increase. However, the values of the stress are much higher because of the high shear modulus of the inclusion. The test studying a material with time-dependent Poisson's ratio endorses the observation that the high values of Poisson's ratio at the late stage of the curing cause a significant increase of stress. The comparison of the displacement-controlled and force-controlled simulations including an unloading phase is also performed. These results show that the reverse deformations of a nearly cured polymer cause very high stresses and that the significant permanent deformations stay behind the unloading in a forcecontrolled test.
The present paper is concerned with some new aspects of the curing process, however, there are still many additional factors which should be investigated. For example, the implementation of the viscoelastic effects into the proposed mechanical model might significantly contribute to more realistic simulations. The alternative assumptions for the evolution laws for material parameters and the constants appearing there are also an interesting topic. Its study is closely related to the intensive experimental investigations and to the development of a suitable program code based on the principles of the inverse analysis.
9. Appendix -Derivation of the macroscopic first Piola-Kirchhoff stress tensor and the deformation gradient
Within the scope of the homogenization theory, the definitions for the macroscopic deformation gradient and the first Piola-Kirchoff stress tensor are of primary importance. These definitions are established according to Hill's assumption that macroquantities have to be expressed dependent on the microquantities acting on the boundary of RVE. Since such an RVE in general includes one or more cavities and singularities (Fig. 17) , the extended form of the Gauss theorem is relevant in this case
Here, A is an arbitrary vector field, B is the RVE with the boundary ∂B, G denotes the boundaries of the cavities, Γ is the singular surface, N is the normal to the surface of the RVE, ⊗ represents the dyadic product and [[A]] in X ∈ Γ is the jump of vector field A on the singular surface. Furthermore, for an arbitrary RVE and two tensor fields M and Q with the following properties DivM = 0 in B,
the volume average of the product can be transformed into a surface integral
where R denotes the vector field defined by the last expression in Eq. (57). Using the fact that the first Piola-Kirchhoff stress tensor satisfies the expressions (57) DivP = 0 in B,
and that unit tensor I = GradX can be observed instead of an arbitrary tensor Q, the first Piola-Kirchhoff macrostress tensor can be defined as
where X is the position vector and T is the traction. Eq. (60) shows that the volume average of the microscopic first Piola-Kirchoff stress tensor can be written in the form of a surface integral. This furthermore indicates that it can be assumed as the definition for its macroscopic counterpart.
Different from this, the microdeformation gradient F itself does not fulfill conditions (57) but is defined as F = Grad x. Consequently, relation (56) can be directly applied to calculate its volume average
Given that macroquantities should be expressed depending on the values on the boundary of the RVE and assuming that [[x] ] = 0, the first term at the right-hand side of (61) is chosen as the definition of the macrodeformation gradientF
Clearly, the macrodeformation gradient only coincides with the volume average of the microdeformation gradient for an RVE without cavities or singular surfaces. 9.60E+00 9.80E+00 1.00E+01 
